
Computational Chemistry



Overview

• What is Computational Chemistry?

• How does it work?

• Why is it useful? 

• What are its limits?

• Types of Computational Chemistry
– Quantum Mechanics / Molecular Mechanics

– Molecular Docking

– Molecular Dynamics

– Structural Similarity

– Atomic / Molecular Visualization

– Bioinformatics

• Examples



What is Computational Chemistry

• Computational Chemistry is the use of 

computers to determine the movement, design, 

electronic effects and configuration of atoms and 

molecules without given experimental data 

which will give faster results.

• For example: What if you wanted to know how similar 

two drug are to determine if they will have the same 

effect.  You could experimentally test these which will 

take months or computationally analyze them which 

takes minutes.



How does it work?

• Computational Chemistry is often based 

on the understanding of quantum 

chemistry.  As a basis if you are able to 

look how small atoms are effected by 

binding together then you can apply these 

systems to larger systems (molecules).  It 

uses many types of chemistry including 

physical, organic, biochemistry and 

inorganic with program design.



Why is it useful? 

• Every chemist wants to use computer to help 

limit failures in the lab.  Computational 

chemistry is most useful when it is able to 

assist experimentalist by limiting

• What if you were able to know, within minutes, that 

a pharmaceutical did work as well as you might 

have thought.  What if that saved your company 

millions of dollars.



What are its limitations?

• Downfalls of Computational Chemistry.

– It only can simulate real conditions if 

programmed.

– Larger systems are less accurate then smaller 

systems.

– Need to be experimentally tested for accuracy.

– Does not look at the whole picture



What is Quantum Mechanics?

• Quantum Mechanics tries to understand 

the all interactions found in a molecule.

– Proton – Proton Repulsion

– Binding Energy

– Rotational Energy

– Electromagnetic Radiation Absorption

– Etc…



H2
+ Example

• To understand how 

atoms react when they 

are joined scientist used 

the simplest molecules 

possible.  H2
+  From 

experimental and 

computational data they 

were able to understand 

many properties of 

simple molecules.

Proton Proton

Electron

Structure of H2
+



Larger Systems

• Once small systems were well understood 

scientist created mathematical models that fit 

experimental data to explain their results.  These 

models were then applied to larger atomic and 

molecular systems.

• For example: The H2
+ molecules deals with one electron 

which moves in the 1s shell in both hydrogens what if we 

put 2 electrons in the bond what happens?  What if we 

use a propane how much more difficult is it to 

understand the interaction of all protons, neutrons, and 

electrons?



Quantum Mechanics

• Currently,  Quantum Mechanical programs 
are used to determine the single point 
energy and geometry optimized position of 
desired molecules.  These programs often 
maintains a wide array of models to use.  
These models often fall into two 
categories.

– Ab initio

– Semi-empirical



Ab initio

• Ab initio models start with a molecules that 

you give it.  It then translates that into the 

nucleus and all the electrons.  This takes 

account of all electron in every shell so if 

you have propane you have 18 electrons 

from the carbons and 8 from the 

hydrogens (26 in total).  Calculations are 

then done to find the lowest geometry and 

the lowest single point energy.



Empirical Calculations

PQSmol Hartree and Fock 32-1G of Sialic Acid



Semi-empirical

• Semi-Empirical models are similar to 

Empirical models however they only look 

at the valance shell of the molecules while 

excluding core electrons.  For propane 

that would give you 20 electron instead of 

26 for ab initio.  As systems become larger 

Semi-empirical methods are used to save 

time and computational power.



Semi-empirical Calculations

PQSmol PM3 of Sialic Acid



Molecular Mechanics

• For macromolecular systems, such as 
proteins, even semi-empirical method 
would be too computationally expensive 
so molecular mechanism is used to 
determine energy and movement.  
Molecular Mechanics does not involve the 
electrons but known bond angles, bond 
distances, and energies of amino acids 
that form proteins.  These are then applied 
to understand proteins.



Molecular Mechanics

Cambridgesoft Chem3D Molecular Mechanics (MM2) of Ala-Lys-Phe-Pro-Cys



Reaction Mechanisms
• Remember this: Energy of activation describes the 

amount of energy needed to initiation the reaction 

and allow it to proceed to product formation.

What was down here →

How was it calculated?



Molecular Docking

• Molecular docking programs takes two 

molecules and tries to fit them together.  

These programs look at both shape and 

electronics (positive to negative) to 

determine the best fit.  This can be done 

between a wide array of molecules from 

proteins to small molecules. 



Molecular Docking Diagram

Sialic Acid with a1-AGP Data collected by HEX® visualized by UCSF Chimera



Molecular Docking Data

Sialic Acid with a1-AGP Data collected by HEX®



Molecular Dynamics

• Molecular Dynamics is the use of 

computers to understand motions of 

molecules in different environments.

• For example:  How does a protein fold?  Does it 

need a chaperone.  How much energy does it 

takes to fold in the proper shape?



Structural Similarity

• Structural Similarity programs are used to 

determine how similar molecules are.

• For example what if you have 1 

pharmaceutical that works ok but you want 

to improves its activity.  Would you want to 

synthesize 10,000 derivates or use a 

computer program to determine which 

would have increased biological activity?



Structural Similarity
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Which one will have a similar structure yet improved biological activity over the known 

drug?



Atomic / Molecular Visualization

• Currently there are many visualizations 

programs to visualize molecules and 

proteins.  UCSF Chimera, University of 

Illinois VMD, VEGA ZZ, and Swiss PDB to 

name a few.  Each program allows for 

many file formats to be opened and turned 

to visually determine the structure.  These 

programs often show electron density 

maps and dipoles found in the molecule.



Atomic / Molecular Diagram

Spiropyran visualized with Vega ZZ



Atomic / Molecular Diagram

a1 AGP visualized with HEX®



Atomic / Molecular Diagram

TNFa visualized with HEX®



Bioinformatics

• Bioinformatics is the use of computers to 

determine similarities between different 

proteins.  Programs such as BLAST (Basic 

Local Alignment Search Tool) are used to 

determine these similarities between base 

pairs.  This can be accessed through the 

NCBI (pubmed.gov) website.



Bioinformatics Data



The compendium of methods for mimicking the 

behavior of molecules or molecular systems



Remember
• Molecular modeling forms a model of the real world

• Thus we are studying the model, not the world

• A model is valid as long as it reproduces the real world



Fast, accurate and relatively cheap way to:
• Study molecular properties

• Rationalize and interpret experimental results

• Make predictions for yet unstudied systems

• Study hypothetical systems

• Design new molecules

And
• Understand

reactants products
?

probe



Energy
• Free energy (DG)

• Enthalpy (DH)

• Entropy (DS)

• Steric energy (DG)

Molecular Spectroscopy
• NMR (Nuclear Magnetic 

Resonance)

• IR (Infra Red)

• UV (Ultra Violate)

• MW (Microwave)

Kinetics
• Reaction Mechanisms

• Rate constants

Electronic Properties
• Molecular orbitals

• Charge Distributions

• Dipole Moments

3D Structure
• Distances

• Angles

• Torsions



C7H5NO3S
A single 1D structure

S

N

O

O O

HA single 2D structure

Many 3D structures



Descriptors
1D: e.g., Molecular weight

2D: e.g., # of rotatable bonds

3D: e.g., Molecular volume

Structure

Property
Activity

Cell Permeability

Toxicity







Introduction to Force Fields



 Polyatomic molecule:

 N-degrees of freedom

 N-dimensional potential energy surface

http://www.chem.wayne.edu/~hbs/chm6440/PES.html



Intuitively forces act between bonded atoms

Forces act to return structural parameters to their equilibrium 

values

stretch

bend torsion



Forces also act between non-bonded atoms

Cross terms couple the different types of interactions

Stretch-bend Non-bonded
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A force field is defined by the functional forms of the energy 

functions and by the values of their parameters.
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A molecular mechanics program will return an energy value for 

every conformation of the system. 

Steric energy is the energy of the system relative to a reference 

point. This reference point depends on the bonded interactions and 

is both force field dependent and molecule dependent.

Thus, steric energy can only be used to compare the relative 

stabilities of different conformations of the same molecule and can 

not be used to compare the relative stabilities of different 

molecules.

Further, all conformational energies must be calculated with the 

same force field. 



Steric Energy = Estretch + Ebend + Etorsion + EVdW + Eelectrostatic +

Estretch-bend + Etorsion-stretch + …

Estretch Stretch energy (over all bonds)

Ebend Bending energy (over all angles)

Etorsion Torsional (dihedral) energy (over all dihedral angles)

EVdW Van Der Waals energy (over all atom pairs > 1,3)

Eelectrostatic Electrostatic energy (over all charged atom pairs >1,3)

Estretch-bend Stretch-bend energy

Etorsion-stretch Torsion-stretch energy

EVdW + Eelectrostatic are often referred to as non-bonded energies



A force field defines for each molecule a unique PES.

Each point on the PES represents a molecular conformation 

characterized by its structure and energy.

Energy is a function of the coordinates.

Coordinates are function of the energy.

en
er

g
y

coordinates

CH3

CH3

CH3



Each point on the PES is represents a molecular conformation 

characterized by its structure and energy.

By sampling the PES we can derive molecular properties.

Sampling energy minima only (energy minimization) will lead to 

molecular properties reflecting the enthalpy only.

Sampling the entire PES (molecular simulations) will lead to 

molecular properties reflecting the free energy.

In both cases, molecular properties will be derived from the PES.



Force field definition
• Functional form (usually a compromise between accuracy and 

ease of calculation.

• Parameters (transferability assumed).

Force fields are empirical
• There is no “correct” form of a force field.

• Force fields are evaluated based solely on their performance.

Force field are parameterized for specific properties
• Structural properties

• Energy

• Spectra



C

CMM2 type 2

O

C MM2 type 3

In molecular mechanics atoms are given types - there are 
often several types for each element.

Atom types depend on:
• Atomic number (e.g., C, N, O, H).
• Hybridization (e.g., SP3, SP2, SP).
• Environment (e.g., cyclopropane, cyclobutane).

“Transferability” is assumed - for example that a C=O bond 

will behave more or less the same in all molecules.



Input
• Atom Types

• Starting geometry

• Connectivity

Energy minimization / geometry optimization

Calculate molecular properties at final geometry

Output
• Molecular structure

• Molecular energy

• Dipole moments

• etc. etc. etc.
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Torsions
• H-C-C-H x 12

• H-C-C-C x 6

Non-bonded
• H-H x 21

• H-C x 6

Bonds
• C-C x 2

• C-H x 8

Angles
• C-C-C x 1

• C-C-H x 10

• H-C-H x 7
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• Accurate.

• Computationally inefficient (form, parameters).

• Catastrophic bond elongation.

De = Depth of the potential energy minimum

l0 = Equilibrium bond length (v(l)=0)

 = Frequency of the bond vibration

 = Reduced mass

k = Stretch constant



• Inaccurate.

• Coincides with the Morse potential at the bottom of the well.

• Computationally efficient.

2

0 )(
2

)( ll
k

lv −=

Harmonic potential (AMBER)

r

E



3

0

2

0 )(
2

2
)(

2

1
)( ll

k
ll

k
lv −−−=

Cubic (MM2) and quadratic (MM3) potentials

4

0

3

0

2

0 )(
2

3
)(

2

2
)(

2

1
)( ll

k
ll

k
ll

k
lv −+−−−=

-100.0

0.0

100.0

200.0

300.0

400.0

500.0

600.0

e
n

e
rg

y 

1 1.2 1.4 1.6 1.8 2 2.2

bond length 

C-C bond

amber
mm 2
mm 3

harmonic

cubic

quadratic



Bond l0 (A) k (kcal mol
-1

 A
-2

)

Csp
3
-Csp

3
1.523 317

Csp
3
-Csp

2
1.497 317

Csp
2
=Csp

2
1.337 690

Csp
2
=O 1.208 777

Csp
3
-Nsp

3
1.438 367

C-N (amide) 1.345 719

Hard mode.

Bond types correlate with l0 and k values.

A 0.2Å deviation from l0 when k=300 leads to an energy 

increase of 12 kcal/mol.
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Hard mode (softer than bond stretching)

Angle q0 k (kcal mol
-1

 deg
-1

)

Csp
3
-Csp

3
-Csp

3
109.47 0.0099

Csp
3
-Csp

3
-H 109.47 0.0079

H-Csp
3
-H 109.47 0.007

Csp
3
-Csp

2
-Csp

3
117.2 0.0099

Csp
3
-Csp

2
=Csp

2
121.4 0.0121

Csp
3
-Csp

2
=O 122.5 0.0101



Reflect the existence of barriers to rotation around chemical bonds.

Used to set the relative energies of the rotational minima and 

maxima.

Together with the non-bonded terms are responsible for most of the 

structural and energetic changes (soft mode).

Usually parameterized last.

Soft mode.
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Preference to single terms.

Usage of general torsional parameters (i.e., torsional 

potential solely depends on the two central atoms of the 

torsion).

• C-C-C-C = O-C-C-C = O-C-C-N = …
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90 180 270 360

dihedral angle 

rotational profile of butane #  Type V1       V2       V3

1  C-C-C–C   0.200   0.270   0.093

4  C-C-C–H   0.000   0.000   0.267

4  H-C-C–H   0.000   0.000   0.237

The barrier to rotation around the C-C bond in butane is ~20kJ/mol.

All 9 torsional interactions around the central C-C bond should be 

considered for an appropriate reproduction of the torsional barrier.



Allows for non-planarity when required (e.g., cyclobutanone).

Prevents inversion about chiral centers (e.g., for united atoms). 

Induces planarity when required.

United Atoms
Absorb non-polar hydrogen atoms into respective carbons.

Greatly reduces computational cost.

O

O

correct
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Coupling between internal coordinates.

Important for reproducing structures of unusual (e.g., highly 

strained ) systems and of vibrational spectra.

Stretch-Bend: As a bond angle decreases, the adjacent bonds 

stretch to reduce the interaction between the 1,3 atoms.
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Stretch-Torsion: For an A-B-C-D torsion, the central B-C 

bond elongates in response to eclipsing of the A-B and C-D 

terminal bonds.

 nllklv cos)(),( 0−=



Operate within molecules and between molecules.

Through space interactions.

Modeled as a function of an inverse power of the distance.

Soft mode.

Divided into:
• Electrostatic interactions.

• VdW interactions.
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qi, qj adalah titik muatan.

Interaksi muatan-muatan sepanjang rentang (peluruhan sbg r-1).

Jika qi, qj merupakan dipusatkan pada inti maka muatan tsb 

dirujuk sebagai partial atomic charges.

• Sesuai dengan momen listrik yang diketahui (mis., Dipol, 

quadrupole dll.)

• Cocok untuk sifat termodinamika.

• Ab initio Perhitungan

• Potensi elektrostatik



Partial Equalization of Orbital Electronegativity 

(Gasteiger and Marsili)
http://www2.chemie.uni-erlangen.de/software/petra/manual/manual.pdf

Electronegativity (Pauling): 
“The power of an atom to attract an electron to itself”

Orbital electronegativity depends upon:
• Keadaan Valence (e.g., sp > sp3).

• Hunian (e.g., empty > single > double).

• Muatan dalam orbital lain. 

Elektron mengalir dari atom yang kurang elektronegatif ke atom 

yang lebih elektronegatif sehingga menyamakan elektronegatifan.



Untuk ketergantungan elektronegativitas orbital yang bertugas, 

asumsikan:

Secara teoritis mengoreksi orbital tetapi secara formal diterapkan 

pada atom.

Nilai a, b dan c diperoleh untuk elemen umum dalam keadaan 

valensi mereka yang biasa (mis., Untuk jenis atom).

Terapkan proses interaktif:

• Tetapkan muatan formal untuk setiap atom .

• Hitung elektronegativitas atom berdasarkan asumsi di atas.

• Hitung muatan elektron yang ditransfer dari atom A ke atom B 

yang lebih elektronegatif yang terikat padanya:
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0 = Tetapan Dielectric vacuum (1).

Untuk serangkaian biaya dan jarak tertentu, 0 menentukan 

kekuatan interaksi elektrostatik.

Efek pelarut meredam interaksi elektrostatik sehingga dapat 

dimodelkan dengan memvariasikan 0:

• eff = 0r

• r(protein interior) = 2-4

• r(water) = 80
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Peningkatan halus dalam bentuk eff untuk r saat jarak 

meningkat

Tertapan dielectric meningkat sebagai fungsi jarak:

distance

 e
ff

eff bervariasi dari 1 pada pemisahan nol 

sampai izin massal pelarut pada pemisahan 

besar. Ketika pemisahan antara atom yang 

berinteraksi meningkat, lebih banyak pelarut 

dapat "menembus" di antara mereka.



Interaksi elektrostatik tidak dapat menjelaskan semua interaksi 

tidak terikat dalam suatu sistem (mis., Gas tanah jarang).

Interaksi VdW :
• Sumbangan Attractive/dispersive (Gaya London)

– Dipol instan akibat fluktuasi awan elektron. Meluruh sbg r6.

• Sumbangan Repulsive

– Nuclei repulsion.

– At short distances (r < 1) rises as 1/r.

– At large distances decays as exp(-2r/a0); a0 the Bohr radius.



Potensi VdW yang diamati dihasilkan dari keseimbangan 

antara gaya tarik dan gaya tolak.
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Lennard-Jones Potential

• Perhitungan cepat

• Bagian Attractive secara teoritis 

tampaknya mudah dihitung 

• Bagian Repulsive mudah dihitung 

tetapi terlalu curam 



H-bond geometry independent:
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Memilih nilai untuk parameter dalam persamaan fungsi 

potensial untuk mereproduksi data eksperimen terbaik.

Parameterization techniques
• Trial and error

• Metode kuadrat terkecil

Types of parameters
• Stretch: panjang ikatan alami (l0) dan tetapan gaya (k).

• Bend: sudut ikatan alami (0) dan tetapan gaya (k).

• Torsions: Vi’s.

• VdW: (, VdW radii).

• Electrostatic: muatan atom parsial.

• Cross-terms: paramter cross term.



For N atom types require:
• N non-bonded parameters

• N*N stretch parameters

• N*N*N bend parameters

• N*N*N*N torsion parameters

Example
MacroModel MM2*: 39 atom types

Required Actual

Stretch

Bend

Torsion

1521

58,319

2,313,441

164

357

508



Experiment: geometries and non-bonded parameters
• X-Ray crystallography

• Electron diffraction

• Microwave spectroscopy

• Lattice energies

Advantages
• Real

Disadvantages
• Hard to obtain

• Non-uniform

• Limited availability

Medan gaya yang diparameterisasi menurut data dari satu sumber 

(mis., Fase gas eksperimental, fase padat eksperimental, ab initio) 

akan cocok dg data dari sumber lain hanya secara kualitatif.



0.00

1.00

2.00

3.00

4.00

5.00

0 90 180 270 360
torsion

E
n

er
g
y
 (

k
ca

l/
m

o
l)

0.00

1.00

2.00

3.00

4.00

5.00

0 90 180 270 360
torsion

E
n

er
g
y
 (

k
ca

l/
m

o
l)

relative energy (kcal/mol)

ab initio -0.69 
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Assumption: The same set of parameters can be used to 

model a related series of compounds:
• Prediction

• Missing parameters

– Educated guess

– Parameters derived from atomic properties (e.g., UFF)

• Reducing number of parameters

– Generalized torsions (e.g., depend only on two central atoms)

– Generalized VdW parameters (same for SP, SP2, SP3)

Above assumption breaks down for close interaction 

function groups:

O

O O

X



AMBER (Assisted Model Building with Energy Refinement)

• Parameterized specifically for proteins and nucleic acids.

• Uses only 5 bonding and non-bonding terms along with a 

sophisticated electrostatic treatment.

• No cross terms are included.

• Results can be very good for proteins and nucleic acids, less so 

for other systems.

CHARMM (Chemistry at Harvard Macromolecular Mechanics)

• Originally devised for proteins and nucleic acids.

• Now used for a range of macromolecules, molecular dynamics, 

solvation, crystal packing, vibrational analysis and QM/MM 

studies.

• Uses 5 valence terms, one of which is electrostatic term.

• Basis for other force fields (e.g., MOIL).



GROMOS (Gronigen molecular simulation)

• Popular for predicting the dynamical motion of molecules and 

bulk liquids.

• Also used for modeling biomolecules.

• Uses 5 valence terms, one of which is an electrostatic term.

MM1, 2, 3, 4
• General purpose force fields for (mono-functional) organic 

molecules.

• MM2 was parameterized for a lot of functional groups.

• MM3 is probably one of the most accurate ways of modeling 

hydrocarbons.

• MM4 is very new and little is known about its performance.

• The force fields use 5 to 6 valence terms, one of which is an 

electrostatic term and one to nine cross terms.



MMFF (Merck Molecular Force Field)

• General purpose force fields mainly for organic molecules.

• MMFF94 was originally designed for molecular dynamics 

simulations but is also widely used for geometry optimization.

• Uses 5 valence terms, one of which is an electrostatic term and 

one cross term.

• MMFF was parameterized based on high level ab initio

calculations.

OPLS (Optimized Potential for Liquid Simulations)

• Designed for modeling bulk liquids.

• Has been extensively used for modeling the molecular dynamics 

of biomolecules.

• Uses 5 valence terms, one of which is an electrostatic term but no 

cross terms.



Tripos (SYBYL force field)

• Designed for modeling organic and biomolecules.

• Often used for CoMFA analysis (QSAR method).

• Uses 5 valence terms, one of which is an electrostatic term.

MOMEC
• A force field for describing transition metals coordination 

compounds.

• Originally parameterized to use 4 valence terms but not an 

electrostatic term.

• Metal-ligand interactions consist of bond stretch only.

• Coordination sphere is maintained by non-bonding interactions 

between ligands.

• Work reasonable well for octahedrally coordinated compounds.



UFF (Universal Force Field)

• Designed for coverage of the entire periodic table.

• All force field parameters are atomic based.

• Parameters for specific interactions are derived from atomic 

parameters based on a series of mixing rules, thereby 

addressing the problem of parameter explosion.

• Uses 4 valence terms but not an electrostatic term.

YATI
• Designed for the accurate representation of non-bonded 

interactions.

• Most often used for modeling interactions between biomolecules 

and small substrate molecules.



CFF, CFF91, CFF95 (Consistent Force Field)

• Parameterized (based on quantum mechanics calculations and 

molecular simulations) for acetals, acids, alcohols, alkanes, 

alkenes, amides, amines, aromatics, esters, and ethers.

• Useful for predicting:

– Small molecules: gas-phase geometries, vibrational 

frequencies, conformational energies, torsion barriers, 

crystal structures.

– Liquids: cohesive energy densities; for crystals: lattice 

parameters, RMS atomic coordinates, sublimation energies.

– Macromolecules: protein crystal structures, polycarbonates 

and polysaccharides (CFF91,95).



Simplest formulation of the FF does not include time dependence. 

However, dynamical properties of the system can still be calculated 

from Newton’s Law of Motion

𝐹 =
𝜕𝑝

𝜕𝑡
= 𝑚

𝜕2𝑥

𝜕𝑡2

And relation between force and potential energy

𝐹 = −
𝜕𝑉

𝜕𝑥

Computation of the dynamics can be performed by defining the initial 

condition of the system and solving the equation

𝑚
𝜕2𝑥

𝜕𝑡2
= −

𝜕𝑉

𝜕𝑥
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Introduction to Hartree-Fock and CI Methods

Volker Staemmler

Chair of Theoretical Chemistry
Ruhr-Universität Bochum

Universitätsstr. 150, 44780 Bochum, Germany
E-mail: volker.staemmler@theochem.rub.de

This lecture presents a short introduction to the most elementary concepts of wave function
based quantum chemistry. In the first part, the molecular Hamiltonian is specified and the Born-
Oppenheimer approximation is made. Thereafter, the most important properties of electronic
wave functions are discussed: normalization, antisymmetry and inclusion of the electronic spin.
This leads to the concept of Slater determinants constructed from spin orbitals. How the molec-
ular orbitals can be calculated by means of the Hartree-Fockapproach is shown for the simplest
case of a closed shell state. Finally, a presentaion of the configuration interaction (CI) method
which is used both for improving Hartree-Fock wave functions and for treating excited states
concludes the lecture.

1 Introduction

In this lecture we will present a short introduction to the most elementary methods of wave
function based quantum chemistry. We will primarily discuss the basic concepts and will
not present long derivations or technical implementationsin detail. The subject of this
lecture is covered in all textbooks on electronic structuretheory, a small selection of titles
is contained in the list of references.1-7 In particular, the presentation given in Ref. 7 is
close to the one of the present lecture.

Wave function based quantum chemical methods can be characterized as being ”ab
initio” methods. This means that in these methods mathematical approximations to the
full N-electron Schrödinger equation are constructed without the help of any adjustable
parameters (except for the fundamental constants of physics) that can be fitted to repro-
duce experimental data. It is further characteristic for abinitio methods that they can be
systematically improved towards the exact solution of the Schrödinger equation and that
they possess an intrinsic criterion for the quality of the current approximation.

In the following sections we will use atomic units throughout
� � �� � � �� � � �� �� �	 � �

Further, we will (nearly consistently) adopt the convention to use upper case letters for N-
electron quantities and lower case letters for one-electron quantities. Only in some cases,
when this convention too strongly contradicts the common use of symbols, we will deviate
from it.

2 The Molecular Hamiltonian

Our aim is to solve the Schrödinger equation for the system under consideration (isolated
atom, molecule, nanoparticle or extended system). In general, this system consists of a

1



certain number� of nuclei and a number� of electrons. The Hamiltonian, which deter-
mines the motion of the system, as well as its wave function will depend on the coordinates
of all the nuclei and all the electrons. We will denote the coordinates of the nuclei by upper
case letters� and those of the electrons by lower case letters� . By underlining� and�
we indicate that we consider the coordinates of all nuclei orelectrons.

The Schrödinger equation for our system is given by� �� � � �� �� � � � � � � �� � � � (1)

In the simplest case, i.e. if no external electrostatic or magnetic fields are present and if
we restrict the interaction between the particles to the Coulomb interaction, the molecular
Hamilton operator

� �� � � � reads� �� � � � � 	
 � 	� � �
 �� � �� �� � �
 �
 (2)

where

	
 � � ��
��
�

��� � (3)

(
�� being the Laplace operator for the coordinates of the�-th nucleus) is the operator of

the kinetic energy of the nuclei,

	� � � �� ���
� � (4)

is the operator of the kinetic energy of the electrons,

�
 �� � � ���
��
�

��
��� (5)

is the Coulomb attraction between the nuclei possessing thecharges
�� and the electrons,

�� �� � ��� ���
�

��� (6)

is the Coulomb repulsion between the electrons, and

�
 �
 �
��
�

��
�

����
��� (7)

is the Coulomb repulsion between the nuclei. It must be notedthat this Hamiltonian does
not contain:

a) External electric or magnetic fields. It is, however, quite straightforward to include the
respective terms in the Hamiltonian. One has simply to take the classical expressions
for the interaction of electric or magnetic moments with thecorresponding fields and
to replace the formulas with their quantum mechanical equivalents.

b) Relativistic effects. The Hamiltonian given above is only valid for ”slow” particles,
i.e. for particles moving with a velocity much smaller than the velocity of light. This
is generally sufficient for light elements,

� � ��, and also for the valence electrons
of heavier elements. A rigorous theory of relativistic effects in quantum mechanical
systems is rather complicated and beyond the scope of the present lecture.
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c) Spin dependent terms. Since the Hamiltonian (Eq. (2)) does not contain any terms
which depend on the spins of the nuclei or the electrons it cannot be used to describe
spin properties like spin-orbit or spin-spin couplings. However, as we will see in the
next sections, some spin properties are introduced indirectly by the permutation sym-
metry of the wave function.

3 Born-Oppenheimer Approximation

For a system with� nuclei and� -electrons, the Schrödinger equation (Eq. (1)) is an
eigenvalue equation in�� � �� independent variables, the cartesian coordinates of all
the particles. Since it is in general impossible to solve such a problem exactly, either an-
alytically or numerically, it is necessary to find approximate solutions, which are accurate
enough to provide useful information.

The first of such approximations, which has been proposed 1927 by Born and
Oppenheimer,8,9 consists in a separation of the motion of the light and therefore ”fast”
electrons from that of the ”slow” nuclei. We write the total wave function� �� � � � in the
form of a product of an electronic wave function� � �� �� � and a wave function�
 �� �,
which describes the motion of the nuclei:

� �� � � � � � � �� ��� � �
 �� � (8)

By means of this ansatz, the total Schrödinger equation (Eq. (1)) is decomposed into one
equation for the electronic wave function� � �� ���� �� � �� ��� � � � �� �� � �� ��� (9)

with the electronic Hamiltonian�� � � � 	
 � 	� � �
 �� � �� �� � �
 �
 (10)

and one equation for the wave function�
 �� � describing the motion of the nuclei
�	
 � �� �� � � � �� ���
 �� � � � �
 �� � (11)

The independent variables in the electronic wave function� � �� �� � are the coordinates�
of the electrons; however,� � �� ��� depends also parametrically on the coordinates� of
the nuclei, because the electronic Hamiltonian is a function of the positions� of the nuclei.
That means that the electronic Schrödinger equation has tobe solved for a given nuclear
geometry (”clamped nuclei approximation”). The consequence is that the electronic en-
ergy, i.e. the eigenvalue�� �� � of the electronic Schrödinger equation (Eq. (9)), is not a
constant, but depends also on the nuclear geometry. This geometry dependent electronic
energy�� �� � plays the role of the potential energy in the Schrödinger equation (Eq. (11))
for the nuclear motion. Its is therefore generally termed ”potential energy surface” (PES).
The energy E in Eq. (11), on the other hand, is a pure number, the energy eigenvalue of the
total Schrödinger equation (Eq. (1)).

It has to be noted that concepts such as ”potential energy curve” or ”potential energy
surface”� �� � as well as geometrical structures etc. are only defined within the Born-
Oppenheimer approximation!
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Comments:
a) One has also tried an ansatz similar to Eq. (8) in which the electronic wave function is

independent of the nuclear geometry� , the so-called ”crude adiabatic approximation”.
But this scheme is so inaccurate that it is completely useless.

b) The term� �� � in Eq. (11) is called the ”adiabatic diagonal correction”. It is an operator
acting on the nuclear wave function�
 �� �. Its explicit form is given by

� �� � � � ��� �� �� �	
� � �� ����� � �
�

��� � ��� �� �� �� �� � �� ����� � � �
(12)

Because of the nuclear masses in the denominators in Eq. (12)this term is generally
quite small and is mostly neglected altogether. Sometimes one distinguishes between
the ”Born-Oppenheimer” approximation, if� �� � is neglected, and the ”adiabatic ap-
proximation” if it is included.

c) In most cases the Born-Oppenheimer approximation is a very good approximation.
Generally, it is only necessary to go beyond it in cases of degeneracies or near degen-
eracies or at very high energies for the nuclear motion.

d) Finally, if one has to go beyond the Born-Oppenheimer approximation, one can extend
the ansatz (Eq. (8)) by using a linear combination of products of electronic and nuclear
wave functions.

4 Requirements for the Electronic Wave Function

In the following, we will stay within the Born-Oppenheimer approximation and will only
be concerned with the electronic Schrödinger equation (Eq. (9)). For simplicity, we will
drop the subscript ”� �” and the nuclear coordinates� from � � �� �� �.

A wave function which shall be used for describing the electronic structure of the sys-
tem under consideration has to satisfy three requirements,in addition to being an approxi-
mate or exact solution of the electronic Schrödinger equation (Eq. (9)).
a) Normalization. As for all quantum mechanical wave functions describing stationary

states we will assume that� �� � is normalized to unity, i.e.

� �� �� �� �� ��� � � (13)

where the integration is to be performed over the coordinates of all � electrons. The
condition (Eq. (13)) simply means that the probability for finding the system some-
where in space is unity.

b) Antisymmetry with respect to the permutation of two electrons. Since electrons are
fermions, the only solutions of the electronic Schrödinger equation, which can be used
for describing electronic systems, have to be antisymmetric with respect to a permuta-
tion of any two electrons in the system. Mathematically speaking, only wave functions
which belong to the totally antisymmetric representation of the permutation group of� electrons are allowed to describe N-electron systems.

If we denote a permutation of the electrons� and� by the operator� �� , the antisymme-
try requirement can be formulated as

� �� � ��� ���� � � ���� � � ����� � � � ��� ���� � � ���� � � ����� � � �� ��� ���� � � ���� � � ����� � (14)
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where we have simply indicated the order of the electrons by noting their serial num-
bers.

More generally, one can define an ”antisymmetrizer”� which generates a fully anti-
symmetric wave function from any trial wave function��

� � � �
�

��� (15)

where� is a normalization constant and the sum runs over all permutations� of the
permutation group of� elements, with�� being the parity of the permutation� .

c) Electronic spin. Since the electronic Hamiltonian (Eq. (10)) does not contain any spin
operators, it does commute with the operators�� and� � of the z-component and the
square of the total electronic spin

�� � �� � � � � �� � � � � � � (16)

where�� and� � are the N-electron spin operators

�� � ��� ��	 � � � � ��� ��� (17)

This means that electronic wave functions have to be eigenfunctions of�� and� � with
the eigenvalues

� 

and� �� � ��.

A rigorous quantum mechanical treatment of one-electron with spin is only possible by
means of the Dirac equation in which four-component or at least two-component one-
electron wave functions (spinors) have to be used. Such a treatment is beyond the scope
of this lecture. Here, we use a simplified scheme by representing the wave function of an
electron with spin by a product� �� �  � � � �� � � �� �  � � � � � ��� (18)

of a spatial part� �� �  � � � which depends on the three spatial coordinates
� �  � � and a spin

function� ��� which depends on the spin of the electron. There are only two possible spin
functions� ��� which are commonly denoted by ”�” and ”� ” and which can be chosen to
be orthogonal. In the quantum chemical literature the beta-spin is generally denoted by
a bar above the orbital while the alpha-spin is not indicated, i.e. the one-electron wave
functions with spin are

� �� �  � � � � � � � (19)

� �� �  � � � � � � �� (20)

We will denote the one-electron wave functions with spin,
� �� �  � � � �� as given in Eq. (18),

as ”spin orbitals”, while the spinfree one-electron wave functions� �� �  � � � are simply
called ”orbitals”.

In the following we will try to construct approximate N-electron wave functions.
Whenever possible, they should satisfy the above mentionedrequirements. There is no
problem with the normalization. The antisymmetry can also be achieved, at least formally,
by applying the antisymmetrizer (Eq. (15)). Finally, the electronic spin is taken care of at
the one-electron level by using spin orbitals instead of pure spatial orbitals. However, it
is generally difficult to construct N-electron spin eigenfunctions. We will see in the next
section that in most cases it is quite easy to obtain eigenfunctions of�� (simply because
this is a sum of one-electron operators), but not for� � .
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5 Slater Determinants

A closer inspection of the electronic Hamiltonian (Eq. (10)) shows that it contains one-
electron terms, i.e. terms that depend only on the coordinates of one electron, two-electron
terms, and the nuclear repulsion�
 �
 which is independent of the electron coordinates

� � �
�

� ��� � �
��� � ��� � � �
 �
 (21)

� ��� � � �� � � �
��
�

��
��� � � ��� � � �

��� (22)

with �
 �
 given by Eq. (7).
Since�
 �
 is just a constant with respect to the electronic coordinates, it causes no

problems. If the two-electron terms� ��� � were absent,
�

would be a sum of terms each
depending only on the coordinates of one electron. Then

�
would be separable: its eigen-

functions would be just products of eigenfunctions of the one-particle Hamiltonian
�

and
its eigenvalues sums of eigenvalues of

�
. Unfortunately,

�
contains the two-electron re-

pulsion terms� ��� �, and, also unfortunately, they are by no means small and cannot be
simply neglected.

Nevertheless, we start by constructing trial wave functions as products of one-electron
wave functions

� ��� ����� � � � � ��� � � � ��� � ��� � �
�
�� � (23)

Here, the serial number ”1” again stands for the (space and spin) coordinates of electron
number 1, etc. In order to account for the spins of the electrons, the one-electron wave
functions

� � ��� etc. in the product (Eq. (23)) are chosen to be the spin orbitals given in
Eq. (18). Eq. (23) is interpreted by saying that the first electron is ”occupying” the spin
orbital

� �
, the second electron the spin orbital

� �
and so on.

Now, the product (Eq. (23)) does not possess the required antisymmetry property, there-
fore we have to apply the antisymmetrizer� (Eq. (15)) and obtain

� ��� ����� � � � �� � ��� � � � ��� � ��� � �
�
�� �� (24)

Since the antisymmetrizer (Eq. (15)) is nothing else than anoperator generating a determi-
nant out of a simple product we can write the trial N-electronwave function in the form of
a determinant

� ��� ����� � � �� � ���� � ��� ����
�
�� � � (25)

with ���� � being the usual notation for a determinant, but includes thenormalization constant� . Eq. (25) is indeed a determinant, the rows of which are numbered by the electrons and
the columns by the occupied spin orbitals (or the other way round). Because of the anti-
symmetry of determinants, the Pauli principle is automatically satisfied; Eq. (25) vanishes
if two of the occupied spin orbitals are identical. Such determinants, in which the elements
are not numbers, but orbitals or spin orbitals, are called ”Slater determinants”.10 Though
the form of our trial wave function (Eq. (25)) looks quite simple, one should not forget that
it is a linear combination of product wave functions with as many as� � terms.
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In most cases it is assumed that the (spatial) orbitals��
form an orthonormal set, i.e.

that the overlap integral between two orbitals is equal to the Kronecker�
��� �� � � � � ���� ��� � ��� (26)

where the integration is over the three spatial coordinatesof the electron. Because of the
orthogonality of the spin functions� and� , the spin orbitals

� �
form an orthonormal set

as well �� � �� � � � � � ��� ��� � ��� (27)

where the integration�� also includes summation over the two spin orientations. In this
case the normalization constant� in Eq. (25) is given by��� �� ��. In principle, it is not
necessary to choose orthonormal orbitals��

, however, all formulas become much simpler
if Eq. (26) and Eq. (27) are satisfied.

N-electron wave functions in the form of Slater determinants possess several important
properties:

a) By construction, they satisfy the antisymmetry propertyand the Pauli principle.
b) They offer an easy interpretation, since nothing seems more natural than the idea that

a certain electron is attributed to a certain one-electron function or, stated differently,
that an electron is occupying a certain orbital and possesses either the spin� or � . The
molecular orbital theory of chemical bonding is entirely based on this interpretation. Of
course, other forms of N-electron wave functions have also been proposed, e.g. in the
so-called ”valence bond theory”, but such a simple and natural interpretation is lacking
most of them.

c) Whenever spin orbitals of the form (18)-(20) are used, Slater determinants are eigen-
functions of the N-electron spin operator�� with an eigenvalue

� 

equal to one-half

of the difference between the number of� and� electrons:

��� � � 
� �� 
 �
�� �� � � �� � (28)

However, except for a few simple cases, Slater determinantsare not eigenfunctions of
the N-electron spin operator� �. One of the exceptions is the situation of a closed shell
system, in which there is an even number of electrons� � ��

and exactly
�

spatial
orbitals are doubly occupied. Fortunately, the stable ground states of most molecules
belong to this case which will be treated in more detail in thenext section. Whenever
a single Slater determinant is not an eigenfunction of� � , one can construct eigenfunc-
tions as linear combinations of Slater determinants, in which the same (spatial) orbitals
are occupied, but with different spin orientations. Such linear combinations have coef-
ficients which are fixed by spin or spatial symmetry and are called ”configuration state
functions” (CSFs).

d) In many applications, e.g. in Hartree-Fock theory or in configuration interaction, one
needs matrix elements of the N-electron Hamiltonian

�
or other N-electron operators

between different Slater determinants. Though one Slater determinant consists of as
many as� � products of� spin orbitals, the construction of such matrix elements is
straightforward and leads to rather simple formulas, in particular if the spatial orbitals��

are chosen orthonormal (Eq. (26)).
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We will not report the general formulas for these matrix elements, but will present only
two special cases, namely the normalization integral and the energy expectation value for
the determinant

� � �� � �� ��� ��� ����
 ��
 � (29)

describing a closed shell system with an even number of electrons,� � ��
, and

�
(spatial)

orbitals� � are doubly occupied. If one assumes that the orbitals� � are orthonormal, one
can derive �� �� � � � (30)

�� �� �� � �

�
�� �

� �� �� ��� �

�

�����
�� ��� �� � � � ��� �� ��� (31)

where the following one- and two-electron integrals occur:One-electron integral

�� �� ��� � � ��� ���� ���� � ����� � (32)

two-electron Coulomb-integral

��� �� � � � � ��� ���� � ��� �

� ��
��� ����� ����� ���� (33)

and two-electron exchange-integral

��� �� �� � � ��� ����� ��� �

� ��
��� ���� � ����� ���� (34)

The N-electron expectation value (Eq. (31)) contains, as expected, the one-electron expec-
tation values

�� �� ��� for all occupied orbitals and the Coulomb interaction
��� �� � � between

the occupied orbitals. In addition, there is a ”new” term, the exchange interaction
��� �� ��.

While the Coulomb-integral
��� �� � � corresponds exactly to the classical Coulomb inter-

action between two charge distributions��� � � and��� �� , the exchange interaction has no
classical analogue and is a consequence of the antisymmetryrequirement to the quantum
mechanical wave function�.

Formulas for the matrix elements of the overlap matrix and ofthe N-electron Hamilto-
nian, between different Slater determinants� � and�� , can be generated as well.11 Such
formulas are needed in the method of configuration interaction as well as in all other post
Hartree-Fock approaches.

6 Hartree-Fock Theory for Closed Shell States

Let us again consider an electronic system containing an even number of electrons,� � ��
. As mentioned above, this situation is realized for most ground states of sta-

ble molecules or periodic systems. In such cases, a one-determinant wave function of the
form

�
� � � �� � �� ��� ��� ����
 ��
 � (35)

in which
�

(spatial) orbitals� � are occupied by two electrons each, once with� and once
with � spin, will be in general a good approximation to the true ground state wave function
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of the N-electron Hamiltonian. It can be shown that such a determinant is an eigenfunction
of both �� and � � with the eigenvalues

� 
 � � and � �� � �� � �, i.e. it is a pure
singlet state with a spin quantum number� � �. The Hartree-Fock or self-consistent
field (SCF) approach consists essentially in making the ansatz (Eq. (35)) for the N-electron
wave function of the system under consideration.12,13

The orbitals� � which are occupied in�
� �
are in general not known, but have yet to

be determined. One choice could be the eigenfunctions of theone-particle Hamiltonian
�

(Eq. (22)). But this would mean to neglect the electron-electron repulsion entirely which
yields too poor an approximation. In order do determine a reasonable set of orbitals one
has to apply the variation principle to the wave function (Eq. (35)) and to vary the energy
expectation value calculated with�
� �

as a functional of the occupied orbitals� �. The
formula for this expectation value is given in Eq. (31), however, this simple formula is only
valid if the occupied orbitals form an orthonormal set. Thatmeans that the energy expecta-
tion value has to be varied under the constraint that the orbitals remain orthonormal during
the variation. This can be most easily achieved by using the method of the Lagrangean
multipliers.

Therefore, we have to search for the minimum of the functional

� �� � �

�
�� �

� �� �� ��� �

�

�����
�� ��� �� � � � ��� �� ��� �


�
���� �

�� �� ��� � ��� � � � �� � (36)

by varying the orbitals� �. The coefficients
� �� are the unknown Lagrangean multipliers.

Performing this variation one arrives at the following one-particle eigenvalue equation

�� � ����
�
���� � �� ��� � �


�
�

� �� �� for each� � (37)

In this equation there are two operators describing the electron-electron interaction: The
”Coulomb operator”

�� whose action on an arbitrary one-electron wave function� is given
by

�� ���� ��� � � ��� ����� ��� �

� �� ��� � � ��� (38)

and the ”exchange operator”��
�� ���� ��� � � ��� ���� ��� �

� �� ��� � �� ��� (39)

The Coulomb operator
�� describes the classical Coulomb repulsion that the electron num-

ber 2 occupying the orbital�� is exercising on the electron number 1 in the orbital� , while
the non-classical exchange operator is again the consequence of the antisymmetry of the
N-electron wave function. It has to be noted that the Coulomboperator is a local operator,
while the exchange operator is a non-local integral operator containing the wave function
� in the integral kernel. That means that for calculating the action of this operator onto a
wave function� at a certain point in space one has to know the function� everywhere in
space. Of course, this property renders the evaluation of exchange terms more complicated
than that of Coulomb terms.

The sum over j on the l.h.s. of Eq. (37) runs over all
�

orbitals which are occupied in
the SCF wave function�
� �

; the sum on the r.h.s. of Eq. (37) involves the still unknown
Lagrangean multipliers

� �� .
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Eq. (37) can be further simplified by noting that the SCF wave function�
� �
Eq. (35),

being a determinant, is invariant with respect to unitary transformations among the occu-
pied orbitals� �. This freedom can be used in order to bring the matrix

� �� of the La-
grangean multipliers to a diagonal form. If we denote its diagonal elements by� � and
introduce the ”Fock operator”� by means of

� � � � ����
�
���� � �� � (40)

the one-electron equation determining the orbitals� � reads

� � � � � �� � (41)

This is the famous Hartree-Fock equation, which plays the role of a one-electron
Schrödinger equation for the orbitals� � . Its main properties can be briefly characterized
as follows:

a) Eq. (37) or Eq. (41) is an integro-differential equation,since the kinetic energy operator
contained in

�
involves differentiation and the exchange operators�� are integral oper-

ators. Eq. (41) has the form of an eigenvalue equation, similar to the original N-electron
Schrödinger equation (Eq. (9)).

b) Since the Coulomb and exchange operators in the Fock operator F (Eq. (40)) have to be
constructed from the orbitals� � which are yet to be determined by solving the Hartree-
Fock equation (Eq. (41)), iterative schemes are necessary.Generally, one starts with
some guess,� �

	�� , constructs the operators
� �	 �� , � �	 �� , and� �	 � (Eqs. (38)-(40)) with

them and solves Eq. (41). This will yield a new set of orbitalsand orbital energies,� �
���

and � ���� . From them, a new Fock operator� ��� is constructed. Then again Eq. (41)
can be solved, yielding the next set of orbitals and orbital energies, and so on. This
procedure is repeated till ”self-consistency” is reached,i.e. till the orbitals used for
constructing the Fock operator are identical with the ones obtained by the solution of
Eq. (41). Because of this self-consistency requirement, the Hartree-Fock method has
the alternative name ”self-consistent field” (SCF) method.Therefore we have already
used the subscript ”SCF” for the wave function (Eq. (35)).

c) The Hartree-Fock equation (Eq. (41)) has infinitely many solutions,� � and��, or rather
a finite number of

�
solutions if one is working in a finite space of

�
one-electron

basis functions (see next section). The ground state of the N-electron system is ob-
tained if the energetically lowest Hartree-Fock orbitals are occupied in�
� �

(Aufbau
principle). Generally one distinguishes between� occupied orbitals� �, � � �� �����, i.e. those orbitals occupied in�
� �

which are
used to construct the Coulomb and exchange operators, and

� virtual orbitals� �, � � �
, which are not occupied in�
� �

. Strictly speaking, the
virtual orbitals are not ”optimized”, since the energy expectation value (Eq. (31))
does not depend on them at all. They are, however, frequentlyused for electroni-
cally excited states as well as in CI approaches (see Section8).

d) The eigenvalues� � of the Hartree-Fock equation are called ”orbital energies”. In gen-
eral, they are negative for occupied (bound) orbitals and positive for virtual (contin-
uum) orbitals. The orbital energies of the occupied orbitals can be identified with the
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ionization potentials of the system
� � � �� � ��� (42)

(Koopmans’ theorem).14 Eq. (42) states that the orbital energy� � of the i-th occupied
orbital is equal to the negative value of the energy necessary to remove one-electron
from orbital � �. However, this is only an approximation because in derivingthe the-
orem it has been assumed that the orbitals do not change (relax) after ionization. The
accuracy of Koopmans’ theorem is in the order of 0.5 - 2.0 eV for valence orbitals, for
core orbitals the errors are much larger.

e) After the Hartree-Fock equations have been solved and theHartree-Fock orbitals have
been obtained, one has to evaluate the Hartree-Fock energy� 
� �

as the expectation
value of the N-electron Hamiltonian, calculated with�
� �

(Eq. (35)). In contrast to
the naive interpretation,� 
� �

is not equal to the sum of the orbital energies of the
occupied orbitals, since in this sum the electron-electroninteraction is double-counted.
Instead one finds

� 
� � �

�
�

��� �� ��� � � � � (43)

The Hartree-Fock theory presented so far is only applicableto closed shell states which
can be described by a wave function of the type of Eq. (35). It is, however, possible
to extend this procedure to open shell systems, but the formalism is more complicated
than for closed shell states. A detailed discussion is beyond the aim of this lecture; we
will only give the acronyms for the most widely used variantsof open shell Hartree-Fock
theory: ROHF (restricted open shell Hartree-Fock) and UHF (unrestricted Hartree-Fock)
for simpler cases where a one-determinant open shell wave function can be used, and MC-
SCF (multi-configuration SCF) and CASSCF (complete active space SCF) for cases in
which a multi-determinant wave function is necessary.

7 Roothaan SCF

Though the Hartree-Fock theory has been formulated in the early 1930ths, for a long time
numerical calculations could only be performed for atoms. The reason is that Eq. (41) is
an integro-differential equation in the 3D space which could not be solved by e.g. finite
difference methods. Numerical solutions were only possible for atoms where one can
separate the angular from the radial part and is left with 1D radial equations.

The breakthrough for molecular calculations came in 1951 when Hall15 and Roothaan16

independently proposed to expand the Hartree-Fock orbitals into a set of atom centered
basis functions. At first, atomic orbitals were used for thatpurpose,17 but it turned out that
the calculation of the necessary one- and two-electron integrals was much too difficult and
time consuming. The proposal of Boys18 to use Gaussian functions instead opened the way
to the field of electronic structure calculations for molecules.

The idea of Roothaan is to expand the unknown Hartree-Fock orbitals� � into a finite
set of

�
known functions� � , called ”basis functions”

� � �
��
���

� ��� � (44)
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Now, the coefficients� �� determine the orbitals� � and have to be calculated. One can
either use the variation principle again and vary the energyexpectation with respect to
these coefficients or one can project the Hartree-Fock equation (Eq. (41)) onto the basis
functions� � . In both cases one obtains a matrix eigenvalue equation of the form

��
�

��� � �� � ��
��
�

��� � �� � for all � � �� ���� (45)

or in a matrix notation

� � � � � � �� � �� (46)

where� and� are the Fock and overlap matrices and� � the coefficient vectors. The matrix
elements of the overlap matrix are defined as in Eq. (26)

��� � �� �� � � ��� �� � � � � � ��� � �� (47)

In general, the basis functions cannot be chosen in such a waythat � is the unit matrix.
The Fock matrix is constructed from one- and two-electron integrals

��� � �� �� �� � � �
�

�
� �� �� � �� � �� ��� ��� � � ��� ��� �� (48)

with the matrix elements of the one-electron Hamiltonian (one-electron integrals) are given
by

�� �� �� � � ��� �� �� � � � � ����� � �� (49)

and the two-electron integrals by

��� ��� � � � � �� ����� ��� �

� �� ��� ���� �
����� ���� (50)

The solution of the Hartree-Fock equation (Eq. (41)) is now achieved by the solution
of the matrix eigenvalue equation (Eq. (45)), which yields the orbital energies�� and the
coefficient vectors� �� . Obviously, the ”analytic” form of Eq. (41) and the ”algebraic” form
of Eq. (45) of the Hartree-Fock equation are only equivalentif

� � �
, i.e. if a complete

one-electron basis set is employed (”SCF limit”).
Of course, the necessary numerical effort as well as the accuracy which can be achieved

depend crucially on the quality and the size of the basis set� � . The numerical effort is easy
to estimate: There are

� 	
two-electron integrals

��� ��� � for a basis with
�

basis func-
tions� � and the solution of the Hartree-Fock equation (45) requiresthe diagonalization of
a
�

-dimensional matrix which is a
� 


step. On the other hand, the design of good basis
sets requires a lot of experience and is by no means trivial. Fortunately, reasonable basis
sets, spanning a wide range from rather poor and fast to very accurate and time consuming,
have been determined during the last 50 years for all atoms and most applications. They
are available in the commercial program packages.

Today, one can distinguish between two technical implementations of the Roothaan
SCF procedure:

12



a) Conventional SCF: One chooses a basis set, calculates allone- and two-electron inte-
grals

�� �� �, �� �� �� �, ��� ��� � and stores them on a peripheral storage device (disk). All
integrals are read in and processed in every SCF iteration. Since I/O is slow compared
to CPU in modern computers, this method is strongly I/O bound. The large number of
two-electron integrals requires much peripheral space. The largest basis sets that can
be handled this way can contain about 800-1200 basis functions.

b) Direct SCF19: The two-electron integrals
��� ��� � are not calculated and stored prior to

the SCF iterations, but are recalculated in each iteration.Of course, only those integrals
are calculated which are really needed. For instance, Eq. ((48) shows that it is not the
integral

��� ��� � itself that is needed, but always a combination like
�� � �� � �� ��� ��� � � ��� ��� �� (51)

i.e. a product of a density matrix element�� � �� � and a combination of integrals. That
means, it is not necessary to calculate the integral if the density matrix element is too
small or does not change from one iteration to the next (”prescreening” and ”updat-
ing”). This way one can use basis sets of several thousand functions without needing
much peripheral space. With efficient prescreening techniques the necessary computer
times are not larger than for the conventional procedure.

8 Configuration Interaction

The Hartree-Fock method yields, even in favorable cases andif large one-particle basis sets
are employed, only an approximation to the exact solution ofthe electronic Schrödinger
equation (9). In many cases, in particular when accurate results are to be obtained, one has
to go beyond the Hartree-Fock method.

In general, we denote all effects beyond the Hartree-Fock level as ”correlation” effects.
We will especially define the correlation energy of a system as the difference between the
”exact” energy eigenvalue of the N-electron Hamiltonian and the SCF energy:� ���� � � � � 
� �

(52)

The conceptually simplest method for accounting for correlation effects is the method
of configuration interaction (CI). The main idea is based on the following lemma (expan-
sion theorem): Let� � � � � �� ����� be a complete basis of the one-particle Hilbert space.
Then it can be proven that all N-electron Slater determinants

� �
��� ����� � � �� � � ���� � � ��� ���� ��

�� � � (53)

which can be constructed by placing the� electrons into� of these orbitals in all possible
ways, span the full antisymmetric N-particle Hilbert space. That means that any N-electron
wave function can be expanded into the set of determinants� �

��� ����� � (Eq. (53)). This
holds, of course, also for the eigenfunctions of the N-electron Hamiltonian, i.e. we can
make the following ansatz for them

�� ��� ����� � � �
�

� �� � �
��� ����� � (54)

where we have denoted the eigenfunctions by�� in order to distinguish them from the
Slater determinants� � . It has to be stressed, that the expansion (Eq. (54)) holds for any
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complete set of one-electron functions, i.e. for any basis of the one-particle Hilbert space,
but the expansion coefficients� �� will of course depend on the choice of the basis.

The CI method uses this lemma in the following manner: As usual, one selects a set
of atomic basis functions,�� �� � �� ����� . By means of a Hartree-Fock calculation or
simply by an orthogonalization procedure a set of orthonormal molecular orbitals� � � � �
�� ����� is constructed as linear combinations of the�� . By combining the spatial orbitals
with the spin functions� and� (Eqs. (19),(20)) one obtains

��
spin orbitals

� �. They
are used to build up Slater determinants in the form indicated in Eq. (53) or configuration
state functions (CSFs or simply ”configurations”) as fixed linear combinations of such
determinants. And finally, the eigenfunctions of the N-particle Hamiltonian are expanded
into these determinants as shown in Eq. (54). Of course, in real calculations one can only
use a finite number

�
of atomic basis functions and therefore the� � span only a finite

subspace of the full N-particle Hilbert space.
For the determination of the expansion coefficients� �� (CI coefficients) the variation

principle is invoked again: The expectation value of the N-electron Hamiltonian, calculated
with the wave function��, has to be minimized as a function of the� �� . Since�� depends
only linearly on the parameters� �� , the application of the variation principle is particularly
simple (”linear” or ”Ritz” variation principle) and leads to a set of linear equations�

�

��
� � � � � � � ��� � � � for all I (55)

The quantities
�

� � and� � � in these equations are the matrix elements of the N-particle
Hamiltonian and the overlap matrix calculated with the Slater determinants� � and���

� � � �� � �� ��� � � � � � � �� � ��� � (56)

They can be easily evaluated (see Section 5) as long as the orbitals� � form an orthonormal
set.

Eq. (55) is a set of homogeneous linear equations which has only non-trivial solutions
if the determinant of the coefficient matrix vanishes. This leads to the secular equation

�� � � � � � � � � � � (57)

This is an algebraic equation of the order of the dimension,� say, of the matrices
�

� �
and� � � . Its solutions are the eigenvalues�� and the eigenvectors� �� of the electronic
N-particle Hamiltonian, projected onto the finite,� -dimensional N-particle Hilbert space
spanned by the� � . Of course, one will obtain exactly� eigenvalues and eigenvectors.

Solving the secular equations (55) is equivalent to diagonalizing the matrix
�

� � with
the metric� � � .

Though the concept as well as the numerical implementation of the CI approach are
extremely simple, the method has one decisive disadvantage: The number of possible de-
terminants� � is extremely large, even for a small number� of electrons and a small size�

of the atomic basis set. Though many methods have been designed and tested during
the last 40 years, both for an efficient evaluation of the matrix elements

�
� � and� � � and

for diagonalizing very large matrices, the CI problem is still not solved.
Similar to the Hartree-Fock-Roothaan approach we can distinguish between two tech-

nical implementations of the CI method: In the ”conventional” scheme, the� � matrix
elements

�
� � (or the matrix element formulas) are calculated once and stored on a periph-

eral storage device (”formula tape”), before they are processed in the iterations needed to
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diagonalize
�

� � . For large CI dimensions� , the formula tape is getting extremely lengthy.
Therefore, modern CI techniques prefer the ”direct” approach, in which only those matrix
elements

�
� � are calculated in each iteration which are needed to generate a correction

vector

� �
� ��
� � �

�

�
� ��

� � � � �
 � � �
 �� (58)

to the CI vector� �
 �
� with the energy� �
 � of the preceding iteration. This way it is

possible to treat CI problems with��� to ��� determinants.

At present, CI type methods are used for several purposes:

1) Full CI
This seems to the most straightforward scheme: As describedabove, one selects a finite
number

�
of atomic basis functions, orthogonalizes them (this is only a technical step

in order to be able to use simpler formulas for the matrix elements
�

� � and � � � ),
constructs all possible determinants� � (maybe CSFs, adapted to the spin and spatial
symmetry of the system under consideration instead of determinants), and diagonalizes�

� � . As indicated above, this is only possible for small systemsand small atomic
basis sets. Such calculations serve primarily as benchmarks for testing the quality of
approximate schemes (truncated CI, coupled-cluster methods and so on).

2) Truncated CI
Most CI treatments are aiming at calculating correlation effects for the electronic
ground state of the system. For such a purpose one generally starts from the Hartree-
Fock wave function which is a good zeroth order approximation and calculates correc-
tions to it. Full CI calculations make no sense for such casessince the vast majority of
the configurations (or determinants) do not contribute at all to the wave function or the
correlation energy. Rather, one has to try to select the ”important” configurations and
discard the unimportant ones.

In general, this is done in the following way (for the case of aclosed shell ground state):
One starts from a ”reference” determinant, mostly the SCF wave function as given in
Eq. (35)

�
� � � �� � �� ��� ��� ����
 ��
 � (59)

Then one defines singly, doubly, triply, ... excited determinants, in which one, two,
three,... of the spin orbitals occupied in�
� �

are replaced by virtual orbitals. If we
denote the occupied orbitals by� � and�� and the virtual orbitals by��

and� �
we have

Singles (singly excited determinants)

� �� � � � � �� � �� ��� ��� ����� �� � ����
 ��
 � (60)

and similarly by replacing�� � with ���
.

Doubles (doubly excited determinants)

� ��� � ��� � �� � �� ��� ��� ����� �� � ���� � ��� ����
 ��
 � (61)

Triples and higher excited determinants are defined in an analogous way. The ansatz
for the CI wave function reads
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��
� � �
� � � �

��� � �� � � �� �� � � � � �
�� ��� �

��� � ���� ��� � ��� � ��� (62)

CI expansions truncated after the singles, doubles, triples, ... are called CIS, CISD,
CISDT, ... expansions.

If one is interested in correlation effects for the electronic ground state, only the lowest
root of the corresponding secular problem is calculated andanalyzed. The ”excited”
determinants, or better ”substituted” determinants, serve only for improving the de-
scription of the ground state and do not describe spectroscopically excited states.

If SCF orbitals are used in the CI, as in Eqs. (59)-(62), one can show��
� � �� �� �� � ��� � � (63)

(Brillouin theorem). Similarly, all matrix elements of
�

between�
� �
and triples

or higher excited determinants are zero, since
�

contains only one- and two-electron
operators. That means that in first order only the doubles contribute to the correlation
effects. In higher orders, also the singles, triples,... docontribute, but their contributions
are rather small. Therefore, in many applications truncated CI-expansions are used, the
most popular approach is CISD. (The singles could be discarded as well, but their
number is so small that they are mostly included.)

The problem with the CISD approach is that it is not size consistent. This disadvantage
is remedied by means of the ”coupled-cluster” approaches which enable at present the
most accurate electronic structure calculations, at leastfor small systems.

3) CIS
The most widely used method for calculating properties of electronically excited states
is CIS (CI truncated to singles). Again, one starts from the Hartree-Fock wave function
(Eq. (58)) of the corresponding electronic ground state andperforms a CI calculation
in which all single excitations from all occupied into all virtual orbitals are included:

��
�

 � �
� � � �

��� � �� � � �� �� � � � (64)

In contrast to the CISD approach designed for calculating correlation energies for
ground states, now, the higher roots of the secular equations are used as approximations
for singly excited electronic states. In this way, one can obtain a reasonably accurate
description of the optical spectrum of the system.

4) Multi-reference CI (MR-CI)
In many cases, in particular in open shell systems, for excited states, or in cases of
degeneracies or near degeneracies, a one-determinant Hartree-Fock wave function is
not a good description, i.e. not a good zeroth order wave function, for the state under
consideration. In such cases, one is forced to start from a multi-reference wave function
(e.g. MC-SCF = multi configuration SCF or CASSCF = complete active space SCF)
and continue with a CI on top of this reference.

Here is not enough place to go into more detail concerning thedifferent CI versions or the
other post-Hartree-Fock methods, like coupled-cluster approaches and perturbation theory.
The reader is referred to the textbooks on electronic structure theory, in particular to the
Ref. 5 and 7.
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Exercises and Problems

1) Derive Eq. (12) using Eqs. (8) and (9). Hint: Multiply (8) from left with ��� and
integrate over the electronic coordinates� .

2) Write down explicitly the determinantal wave function (Eq. (25)) for a system with
three electrons occupying three spin orbitals

� �
,
� �

, and
�
�. How many spin orbital

products does this wave function contain?
3) Prove Eq. (28) by using the eigenvalue equation of the one-electron spin operator�� :

��� �
�� � � �� � � � �� � (65)

4) Show that the three two-electron wave functions

��� ���� � ��� � (66)

�
� � ���� ��� �� � ��� � � � ��� ���� � ��� �� (67)

� ��� ��� �� � ��� � (68)

are products of an antisymmetric space and a symmetric spin function, while
�
� � ���� ��� �� � ��� � � � ��� ���� � ��� �� (69)

is the product of a symmetric space and an antisymmetric spinfunction. Determine
the

� 

values for these wave functions. Can you guess the spin quantum numbers�

for them?
5) Derive formulas for the energy expectation values of the two-electron wave functions

given in problem 4.
6) Derive Eq. (37).
7) Derive Koopmans’ theorem (Eq. (42)). Assume that the orbitals for the ion are the

same as for the ground state of the neutral molecule, write down the one-determinant
wave function for the ion, derive the energy expectation value for the ion and calculate
the difference

�� ��� � � ���� � � � 
� �
(70)

8) Derive the matrix form (Eq. (45)) of the Hartree-Fock equation (41) by projecting to
the basis function�� . Hint (as in problem 1)): Insert ansatz Eq. (44) into Eq. (41),
multiply from left by ��� and integrate over the coordinates of the electron.

9) Derive the secular equations (55). Hint: Write down the expectation value of the N-
electron Hamiltonian

�
with the wave function (Eq. (54)) and vary the coefficients� � .

10) Set up all possible Slater determinants� � for a three-electron system (e.g. the Li
atom), using a set of four (spatial) orbitals� � � � � �� � � � � �. Determine their

� 

values and their excitation levels with respect to the ”ground state” determinant

�� � �� ��� � (71)
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11) How many Slater determinants can be constructed for
�
�� in a basis set of 24 basis

functions? How many of them are doubly excited with respect to the Hartree-Fock
determinant?

12) In the region of the equilibrium distance��, the ground state wave function for the�
� molecule can be fairly well approximated by a single Hartree-Fock determinant

� � � �� � �� � � (72)

where

� � �
�

�� �� � � �
�� � � � � � (73)

is the lowest molecular orbital, expressed as a linear combination of the two 1s atomic
orbitals at the two hydrogen atoms. (S is the overlap integral between� �

and� �
).

Show that this wave function does not dissociate correctly into two H atoms. Hint:
Consider the limit

� � � �
�� �� � � � � � for � � �

(74)

Show further that the two-configuration wave function

� � �
�
�� � �� � �� � � � ��� ��� �� (75)

�� �
�

�� �� � � �
�� � � � � � (76)

dissociates correctly.
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Correlated ab Initio Methods



Goal:  select the most accurate calculation that is 

computationally feasible for a given molecular system

Model chemistry: theoretical method and basis set
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• size-consistent – a calculation that gives the 
same energy for two atoms (or molecular 
fragments) separated by a large distance as is 
obtained from summing the energies for the 
atoms (or molecular fragments) computed 
separately. So for a size-consistent method, the 
bond energy in N2 is ΔEdiss = 2E(N) - E(N2). 
For a method that is not size-consistent, a 
"supermolecule" calculation with a big distance 
(e.g., 100 Å) is required: ΔEdiss = E(N......N) -
E(N2).































































Semi-Empirical 

Molecular Orbital Methods







































DENSITY FUNCTIONAL THEORY
AN INTRODUCTION



ELECTRONIC STRUCTURE THEORY

ELECTRONIC STRUCTURE THEORY IN GENERAL CATEGORIZED TO AB INITIO, SEMIEMPIRICAL, AND 

DENSITY FUNCTIONAL THEORY (DFT).



PROBLEM WITH AB INITIO

• NOT ALL METHODS ARE VARIATIONAL AND SIZE EXTENSIVE.

• BASE ON THE ASSUMPTION THAT THE SYSTEM CAN BE DESCRIBE BY FINITE NUMBER OF TERM.

• DERIVE FROM SCHRODINGER EQUATION, THAT CAN BE DIFFICULT TO COMPUTE.

• IN GENERAL, ARE WITH COMPLEXITY OF O(N4) OR HIGHER.

• METHODS THAT ARE BOTH VARIATIONAL AND SIZE EXTENSIVE ARE COMPUTATIONALLY VERY 

EXPENSIVE.



WHAT IS DENSITY FUNCTIONAL THEORY

• DENSITY FUNCTIONAL THEORY IS COMPUTATIONAL METHODS THAT IS BASED ON 

HOHENBERG-KOHN THEOREM, IN WHICH IT IS PROVED THAT THERE EXIST A BIJECTIVE (ONE-

TO-ONE) MAPPING BETWEEN THE EXTERNAL POTENTIAL WITH ELECTRON DENSITY

• BECAUSE OF THIS, THEREFORE IT IS IMPLIED THAT THERE EXIST A UNIQUE MAPPING BETWEEN 

ELECTRON DENSITY AND GROUND STATE ENERGY OF A SYSTEM.

• THE SECOND HOHENBERG-KOHN THEOREM ALSO PROVED THAT THIS DENSITY IS 

VARIATIONAL.



WHAT IS DENSITY

• DENSITY IS USUALLY DEFINED AS THE NUMBER OF SUBSTANCE PER UNIT VOLUME, FOR 

EXAMPLE: QUANTUM STATES HAVE UNIT OF STATES PER ENERGY LEVEL, THEREFORE THE UNIT 

FOR DENSITY OF STATES ARE STATES PER ENERGY LEVEL PER UNIT VOLUME.

• DFT ITSELF, IS BASED ON ELECTRON DENSITY, WHICH IS DEFINED AS

𝜌 𝒓 = 

𝑘=1

𝑁

𝑛𝑘 𝜑𝑘 𝒓 2

• WHERE 𝑛𝑘 IS THE OCCUPANCY AND 𝜑𝑘 𝒓 IS THE ORBITAL



WHAT IS FUNCTIONAL

• IN SIMPLE TERM, A FUNCTIONAL IS A  MAPPING FROM FUNCTION TO NUMBERS.

• IT IS DIFFERENT FROM FUNCTION, THAT MAPS NUMBER TO NUMBER, OR OPERATOR THAT MAP 

FUNCTION TO OTHER FUNCTION AND/OR NUMBER

• IT IS A TERM FROM CALCULUS OF VARIATION, IN THE DOMAIN OF THE SUBJECT ARE SETS OF 

FUNCTIONS, INSTEAD OF SETS ON NUMBERS.



SOME TERMS OF THE FUNCTIONAL

• SIMPLEST FORMULATION OF ENERGY OF THE SYSTEM ARE GIVEN AS FOLLOW

𝐸 𝜌 𝒓 = 𝑇 𝜌 𝒓 + 𝑉𝑁𝑒 𝜌 𝒓 + 𝑉𝑒𝑒 𝜌 𝒓 + 𝐸𝑋 𝜌 𝒓 + 𝐸𝐶 𝜌 𝒓

• THERE ARE TOW TERMS THAT ARE KNOWN, WHICH ARE ELECTRON-NUCLEUS ATTRACTION AND 

ELECTRON-ELECTRON REPULSION

𝑉𝑁𝑒 𝜌 𝒓 = න
𝜌 𝑟 𝑑𝒓

𝑹 − 𝒓

𝑉𝑁𝑒 𝜌 𝒓 = නන
𝜌 𝒓 𝜌 𝑟′

𝒓 − 𝒓′
𝑑𝒓𝑑𝒓′

• THERE ARE NO OTHER TERM THAT ARE EXACTLY KNOWN.



KINETIC ENERGY

• THERE ARE TWO KINETIC ENERGY FUNCTIONAL THAT ARE USUALLY USE IN ORBITAL FREE DENSITY 

FUNCTIONAL THEORY CALCULATION, WHICH ARE THOMAS-FERMI FUNCTIONAL AND VON 

WEIZSÄCKER FUNCTIONAL.

• THOMAS-FERMI MODEL ARE BASED ON LDA AND NON-INTERACTING ELECTRON GAS

𝑇 𝜌 𝒓 = 𝐶𝜌
5
3 𝒓

• VON WEIZSÄCKER MODEL ARE AN EXTENSION TO THOMAS-FERMI MODEL AND BASED ON GGA.

𝑇 𝜌 𝒓 =
ℏ2

8𝑚
න

∇𝜌 𝒓 2

𝜌 𝒓
𝑑𝒓



KOHN-SHAM DENSITY FUNCTIONAL THEORY

• DUE TO THE DIFFICULTY IN CALCULATING KINETIC 

ENERGY, WALTER KOHN AND L.J. SHAM, BY 

ASSUMING HARTREE-FOCK BEHAVIOR OF THE 

ELECTRON PROVED THAT THE ENERGY CAN BE 

CALCULATED THE SAME WAY WITH HF.

−
ℏ2

2𝑚
∇2 + 𝑉𝑒𝑓𝑓 𝜑𝑖 = 𝜀𝑖𝜑𝑖

• IN MOST COMPUTATIONAL CHEMISTRY RESEARCH 

THAT DEAL WITH MOLECULES, THIS IS THE 

FORMULATION THAT IS USED.



EXCHANGE-CORRELATION FUNCTIONAL

• IN DFT, EXCHANGE ENERGY AND CORRELATIONAL ENERGY ARE USUALLY COMBINED INTO A 

SINGLE TERM (EXCHANGE-CORRELATION ENERGY, 𝐸𝑋𝐶 𝜌 𝒓 ).

• AS WITH KINETIC ENERGY, THERE ARE NO EXACT FUNCTIONAL FOR THIS ENERGY, EVEN 

THOUGH ITS ASYMPTOTIC BEHAVIOR IS WELL-KNOWN.

• THIS IS WHAT DIFFERENTIATE MOST TYPE OF DFT CALCULATION.

• THERE ARE SEVERAL FORMULATION, WHICH ARE LOCAL DENSITY APPROXIMATION (LDA), 

GENERALIZED GRADIENT APPROXIMATION (GGA), META-GGA AND HYBRID META-GGA.



LOCAL DENSITY APPROXIMATION

• LOCAL DENSITY APPROXIMATION (AND ITS EXTENSION, LOCAL SPIN DENSITY 

APPROXIMATION), ARE FUNCTIONAL THAT IS A FUNCTION OF THE DENSITY ITSELF.

𝐸𝑋𝐶 = 𝐹 𝜌 𝒓 , 𝒓

• THIS FORMULATION ARE USUALLY DERIVED FROM HOMOGENOUS ELECTRON GAS MODEL, 

THUS THE FUNCTIONAL ARE USUALLY IN THE FORM OF DENSITY TO THE POWER OF A 

RATIONAL NUMBER, SIMILAR TO THOMAS-FERMI KINETIC FUNCTIONAL.

• THIS TYPES OF FUNCTIONAL ARE LESS EXPENSIVE COMPUTATIONALLY, BUT GENERALLY HAVE A 

POOR PERFORMANCE.



GENERALIZED GRADIENT APPROXIMATION

• GENERALIZED GRADIENT APPROXIMATION IS A GENERALIZATION OF LDA/LSDA. THIS 

GENERALIZATION IS IN FORM OF INCLUSION OF FIRST DERIVATIVE (GRADIENT) OF THE 

DENSITY.

𝐸𝑋𝐶 = 𝐹 ∇𝜌 𝒓 , 𝜌 𝒓 , 𝒓

• FUNCTIONALS OF THIS TYPE INCLUDE BLYP, BP86, PBE, OLYP, ETC.

• THIS TYPE OF FUNCTIONAL (ESPECIALLY PBE) ARE USUALLY USE FOR SOLID STATE 

CALCULATION (I.E., IN QUANTUM ESPRESSO)



META-GGA

• META-GGA IS GENERALIZATION OF GGA IN THE SAME WAY GGA IS TO LDA. META-GGA 

INCLUDE SECOND DERIVATIVE (LAPLACIAN) OF THE DENSITY, AND THUS ALSO INCLUDE 

CURVATURE OF THE DENSITY.

𝐸𝑋𝐶 = 𝐹 ∇2𝜌 𝒓 , ∇𝜌 𝒓 , 𝜌 𝒓 , 𝒓

• FUNCTIONALS OF THIS TYPE INCLUDE TPSS, MINNESOTA FUNCTIONAL, ETC.



HYBRID FUNCTIONAL

• HYBRID FUNCTIONAL INCLUDE HYBRID GGA AND HYBRID META-GGA.

• THIS TYPE OF HYBRID COMBINE FUNCTIONAL FROM DIFFERENT TYPES, AND USUALLY INCLUDE 

HARTREE-FOCK TERM IN THE FUNCTIONAL.

• FUNCTIONALS OF THIS TYPE INCLUDE B3LYP, X3LYP, PW6B95, ETC.

• THIS TYPE OF FUNCTIONAL WHILE IS THE MOST EXPENSIVE, IT IS ALSO THE BEST IN TERM OF 

PERFORMANCE.

• MOST MOLECULAR CALCULATION USE B3LYP FUNCTIONAL.



PERFORMANCE



PROBLEMS WITH DFT

• HOHENBERG-KOHN 1ST THEOREM ONLY PROVED THE EXISTENCE OF THE FUNCTIONAL BUT 

PROVIDE NO HINT OF THE FORM OF THE FUNCTIONAL ITSELF. IT IS SUSPECTED THAT THE EXACT 

FUNCTIONAL ITSELF WOULD BE TOO COMPLICATED FOR EFFICIENT CALCULATION.

• WHILE DFT IN PRINCIPLE NEEDN’T BASIS SETS, KOHN-SHAM FORMULATION OF DFT STILL NEED 

BASIS SETS FOR THE CALCULATION OF KINETIC ENERGY. THIS CALCULATION ALSO IN GENERAL 

ARE NOT SIZE EXTENSIVE.

• A MORE ACCURATE CALCULATION (USUALLY GGA OR META-GGA) ARE IN GENERAL MORE 

COMPUTATIONALLY EXPENSIVE.



Molecular Dynamics 
Simulation

Introduction to the Basic Concepts



Introduction

• While all computational chemistry methods – in principle – can be 
used to calculate any properties of a chemical system, there are 
several variables that are innately not included. One of this is the 
dynamics of the system.

• While dynamics implies the need for time dependence in the 
calculation, it is not a necessary condition, and merely a sufficient 
condition.

• From this context, chemist use 2 types of molecular simulation, which 
are Molecular Dynamics (MD) and Monte Carlo (MC).



Some background

• The two types of simulation differ in several ways.

• In particular, MD is time dependent while MC is not.

• MD is derived from equation of motion, which in most cases are 
derived from Hamiltonian Mechanics.

• MC on the hand is derived from statistical distribution, which in most 
cases are Maxwell-Boltzmann distribution

• Both type of simulation can provide us with different aspect of a 
system, while sometimes can also give us a peek into the dynamical 
properties of the system.



Molecular Dynamics

• Molecular dynamics is a computer simulation that analyze the motion 
of components of a chemical system.

• This components, while most of the time are in form of single atom or 
ion, it can also in form of a molecule or bigger object.

• Due to the sheer number of the components, and often the 
complexity of the equation of motion, MD are usually very 
computationally expensive.

• Due to this problem, most MD simulation only use MM formalism for 
calculation.



Protein-Ligand Interaction



C60 with Membrane Interaction



Periodic Boundary Condition

• Periodic boundary condition is an 
approximation for large system, in which the 
system are assumed to have perfect 
periodicity, thus any components that leave 
the defined simulation box are 
automatically replaced by an incoming 
component from the opposite side of the 
simulation box.

• This however introduced a problem, 
because the box is basically ‘leaking’.

• The problem can be solved by introducing 
minimum image convention 



Minimum Image Convention

• Minimum image convention is a ‘bookkeeping’ technique employed 
in conjunction with PBC.

• This technique is needed due to the fact that components can leave a 
simulation box and replaced with a new components that entered 
from the opposite side.

• In this way, any leaving components must always be identified as the 
same with incoming components, thus preserving the index of 
components in a given simulation box.



Protocol



Physics and Mathematics

• The physics and mathematics of MD is based on Hamiltonian 
Mechanics

𝐻 = 𝑇 + 𝑉 =
𝑝𝑖
2

2𝑚𝑖
+𝑉𝑖𝑗

𝐹𝑖 = 𝑚𝑖 Ԧ𝑎𝑖 =
𝜕 Ԧ𝑝𝑖
𝜕𝑡

= 𝑚𝑖

𝜕2 Ԧ𝑟𝑖
𝜕𝑡2

= −
𝜕

𝜕Ԧ𝑟𝑗
𝑉𝑖𝑗

This facts, will then be use in Verlet algorithm for MD.



Verlet Algorithm

Due to the nature of the system, and the fact that physical motion are 
always ‘smooth’, we can state that every properties of the systems are 
infinitely differentiable, thus any properties of the system can be 
described as Taylor series

𝑟 𝑡 ± 𝛿𝑡 = 𝑟 𝑡 ± 𝛿𝑡
𝑑𝑟(𝑡)

𝑑𝑡
+
1

2
𝛿𝑡 2

𝑑2𝑟 𝑡

𝑑𝑡2
± 𝑂 𝛿𝑡 3

Thus

𝑣 𝑡 =
𝑑𝑟 𝑡

𝑑𝑡
=
𝑟 𝑡 + 𝛿𝑡 − 𝑟(𝑡 − 𝛿𝑡)

2𝛿𝑡



Verlet Algorithm

From those two equation, it is now possible to calculate every 
properties of the system,

To calculate the properties of the system, we now have to decide of 
two things, which are the time duration, and the time step (𝛿𝑡) which 
equal to time duration divided by number of steps.

Ideally, the time step needs to be as small as possible. But for smaller 
time step also mean more steps needed to complete the calculation for 
any given time duration.

One of the main problem is then choosing the correct value of duration 
and number of steps such that the simulation is accurate, but also 
feasible.



Some Results

Potential Energy as a Function of Time
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Some Results

Fluctuations in Total Energy for an NVE Simulation of 

216 TIP3P Water Molecules (1fs time step)

 [the run was initiated at E = -1730.32 kcal/mol]
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Temperature

Temperature of a system can be easily calculated from the kinetic energy, 
which is a function of time

𝐸𝐾 =
3

2
𝑘𝐵𝑇 =

1

2
𝑚𝑣𝑅𝑀𝑆

2

Due to the fact that the calculation also provided us with velocity and 
position distribution, it is also possible to calculate partition function (Z) of 
the system and probability function

𝑍 =

𝑗

𝑒
−
𝐸𝑗
𝑘𝐵𝑇

𝑝𝑖 =
𝑒

𝐸𝑖
𝑘𝐵𝑇

𝑍



Other Thermodynamic Properties

Other thermodynamics properties of the system such as enthalpy, 
entropy etc. can be calculated using partition function and probability 
function

𝐴 = 𝑘𝐵𝑇 ln 𝑍

𝑆 = −𝑘𝐵

𝑖

𝑝𝑖 ln 𝑝𝑖

𝑃 =
𝜕𝐸

𝜕𝑉



QM/MM-MD Simulation

• Simple MD simulation have the same problem with MM methods, 
which is the lack of quantum mechanical consideration.

• While it is possible in principle to perform purely Quantum 
Mechanical Molecular Dynamic Simulation, it is very impractical due 
to the sheer number of electrons in the system, and complexity of the 
SCF calculation.

• Warshel and Levitt devise a way to evade this problem by dividing the 
system into two regions, called Quantum Mechanical region (QM) and 
Molecular Mechanics region (MM), with a transition region in 
between.



QM/MM-MD Simulation

• In this scheme, the QM region 
located in the core is calculated 
using QM methods, and any 
components coming into the 
region will first enter a transition 
region, and then fully calculated 
using QM methods.

• The MM region will form the 
bulk of the system, and can be 
calculated using the normal MD.



Monte Carlo
A Short Introduction



Introduction

• Monte Carlo is simulation method that use random sampling on a 
distribution function and probability statistic to obtain numerical 
results that represent the state of the system.

• This methods can be use on both deterministic and probabilistic 
system.

• It was first used to simulated the behavior of atomic nuclei to predict 
the property of an atomic bomb



Introduction

• Although it can be different in practice, most simulation follow the 
following steps
• Define the domain of the inputs and their statistical properties

• Randomly generate sets of possible input from the available domain

• Calculate the properties of the sample

• Aggregate and analyse the results



Caveat

• There is a slight caveat to those steps.

• First, purely random sets of number are very difficult to produce. And 
due to its nature, the simulation results are unreproducible.

• Second, to solve the problem, we tend to use pseudo random 
number algorithm. This methods usually start with a well-defined 
seed but follow an inherently chaotic algorithm. While this methods 
is more reproducible, chaotic system is very sensitive, thus different 
precision in the calculation can also diminish the reproducibility.

• Despite those caveats, average properties in the long run, does 
converge.



Example of Code



A Simple Application



A Simple Application



Statistic Background

• There are several factors that we have to consider during simulation
• Probability Distribution Function

• Random Number Generator

• Sampling rule

• Tallying

• Error estimation

• Variance Reduction

• Hardware architecture



Probability Distribution Function

• Probability Distribution Function (PDF), is a function that gives the 
probability of different possible outcomes based on the properties of 
the system.

• In chemistry – especially in statistical mechanics – we use Maxwell-
Boltzmann distribution.

• There are two types of distribution, based on their variables, which 
are discrete and continuous.



Some Common PDFs



Chemical Application



Some Results



Some Results



Some Results



DRUG DESIGN
(L)ADME(T) Modeling and Molecular Docking



General Drug Design



Pharmacokinetics



What is (L)ADME(T)



ADME



(L)ADME(T) Modeling and Prediction

• In simple term, (L)ADME(T) modeling is a variation and/or extension to the QSAR 
model.

• All process/step is related to each other and thus is very much influencing each 
other.

• In all of this steps,  the prediction is based on the known properties of previous 
compounds. Using statistical methods, molecular recognition, as well as several 
heuristic rule (i.e., Lipinski rules of five, FBLD, etc.)

• This type of modeling also include the effect of receptor (i.e., cytochrome P450), 
thus works very well in conjunction with molecular Docking.

• There are a lot of available resources to perform this type of modeling, including 
several online resource (i.e., PreADMET, ochem.eu, etc.)



What is Molecular Docking

• Docking is a type of molecular 
modeling that are used to predict the 
preferred conformation (pose) of a 
drug (ligand) molecule with the 
receptor (protein, enzyme) binding 
site.

• This methods is based on the “Lock 
and Key” model of protein interaction



Molecular Docking Protocol



What is Molecular Docking



Docking Search Algorithm

• There are two types of molecular docking, based on whether we know the 
position of the binding site.

• If the coordinate of the binding site is unavailable, we used the methods called 
‘Blind Docking’, in which the algorithm perform two search (binding site position 
and ligand conformation) simultaneously. While the other types is directly 
positioned the ligand onto the binding site thus is generally faster.

• The algorithms that are generally used fall into one of two types, which are 
“Shape-Complementarity” and “Genetic Algorithm”.



Docking Scoring Function

• To compare the affinity between the ligands, a scoring function is used.

• There are several types of scoring functions
• FF based

• Empirical based

• Knowledge based

• Geometric based

• Consensus

• Machine learning based

• A related but somewhat different value is ranks. Unlike scoring, ranks may also 
include binding energy and in general are more complex than scoring.



Results Example



Some Limitation

• Just like Monte Carlo simulation, Molecular Docking also provides only snapshots 
of the states of the ligands.

• Other similarities also included the fact that Molecular Docking provide no time 
dependency in the calculation.

• Most models of molecular docking does not allow the receptor to change while 
the docking process happen.

• Most models also only change the dihedral angels of the ligand but not other 
parameters.



Density Functional Tight-
Binding

A Short Introduction



Classical Density Functional Theory

• Density Functional Theory is an alternative formalism for quantum 
calculation that does not depend on wavefunction but depend on the 
electron density instead (ρ(r))

𝜌 𝑟 =

𝑘

𝑐𝑘 𝜑𝑘(𝑟)
2

• This method based on Hohenberg-Kohn theorem that stated 

‘There exist a bijective functional between the external potential with 
the electron density of a system’
𝑉 𝑟 ⟺ 𝜌 𝑟 ⟺ 𝐸 𝑟 ⟺ 𝜌 𝑟



Density Functional Theory

• For solid state model most of the time, we use PBE functional that are 
very compatible with solid state model, and by describing 
Hamiltonian as matrices, and the basis functions as vectors, we can 
thus easily solve for functions that describe the state of the system

𝐻11 ⋯ 𝐻1𝑁
⋮ ⋱ ⋮

𝐻𝑁1 ⋯ 𝐻𝑁𝑁

𝜑1
⋮
𝜑𝑁

= 𝐸

𝜑1
⋮
𝜑𝑁



Bloch Theorem

• Bloch Theorem is a theorem that states that Wave function of a 
periodic system can be described as

𝜓 𝑟 = 𝑒𝑖𝑘𝑟𝑢(𝑟)

Where u is a function that have the same periodicity with the potential.



Classical Tight-Binding Methods

• Tight-Binding is an approximation methods of quantum mechanics 
that are designed for solid state system, in particular for crystals.

• Because of it, this method relies on the same approximation with 
Bloch theorem.

• In this methods, the atom that we are concerned with are assumed to 
interact only with atoms that adjacent to it – similar to Huckel
approximation.



Tight-Binding Hamiltonian

• Hamiltonian of a tight binding system rely only on the adjacent 
atoms, and the system can be written as

𝐻𝑚𝑛 = 𝛿𝑚𝑛 0 − 𝐽 𝛿𝑚 𝑛−1 + 𝛿𝑚 𝑛+1

Where 0 is the energy of the electron itself and J is the energy needed 
to move between adjacent atom

𝐻 =

0 −𝐽 0 0 ⋯
−𝐽 0 −𝐽 0 ⋯
0 −𝐽 0 −𝐽 ⋯
0 0 −𝐽 0 ⋯
⋮ ⋮ ⋮ ⋮ ⋱



Tight-Binding Solutions

𝜓 =

𝑛

𝑐𝑛|𝜑𝑛⟩



𝑚

𝐻𝑚𝑛𝑐𝑛 = 𝐸𝑐𝑛

𝑐𝑛 =
1

𝑁
𝑒𝑖𝑘𝑛𝑟



What is Density Functional Tight Binding

• Density Functional Tight-Binding in simple terms is the application of 
tight-binding approximation methods to DFT theory.

• This approximation is performed by expanding density function 
around a given point

𝜌 𝑟 = 𝜌0 𝑟 + 𝛿𝜌(𝑟)

𝐸 𝜌 𝑟 =

𝑘

อන
𝛿𝑘𝐸 𝜌0 𝑟

𝛿𝜌 𝑟1 …𝛿𝜌 𝑟𝑘
𝜌0

𝑑𝜌 𝑟1 …𝑑𝜌 𝑟𝑘



Reference Density and Hamiltonian

• Reference density in DFTB can be derived the same way with normal 
TB methods. In this case, the wave function used the same 
approximation 

𝜓 =

𝑛

𝑐𝑛𝜑𝑛

• And band structure energy is given as

𝐸𝐵𝑆 =

𝑎

𝑓𝑎

𝜇𝜈

𝑐𝜇
𝑎 ∗

𝑐𝜈
𝑎 𝜑𝜇 𝐻

𝐾𝑆 𝜑𝜈



Electron Population

• Electron population in atom can be describe as

𝑄𝐼 =

𝑎

𝑓𝑎

𝜇𝜈

𝑐𝜇
𝑎 ∗

𝑐𝜈
𝑎 =

𝑎

𝑓𝑎
1

2


𝜇𝜈

𝑐𝜇
𝑎 ∗

𝑐𝜈
𝑎 + 𝑐𝜈

𝑎 ∗𝑐𝜇
𝑎 𝑆𝜇𝜈

• The difference between the electron of neutral atom with this 
calculation (Δ𝑄𝐼) is then called Mulliken population analysis.

• This term will also contribute to the total energy of the system



DFTB Hamiltonian

• The total energy is then can be written as

𝐸 = 𝐸𝐵𝑆 +
1

2


𝐼𝐽

𝛾𝐼𝐽 𝑅𝐼𝐽 ΔQIΔ𝑄𝐽 +

𝐼≠𝐽

𝑉𝐼𝐽
𝑟𝑒𝑝

𝑅𝐼𝐽

• Where

𝛾𝐼𝐽 = ൞

𝑈𝐼, 𝐼 = 𝐽

erf 𝐶𝐼𝐽𝑅𝐼𝐽
𝑅𝐼𝐽

, 𝐼 ≠ 𝐽

• Or, after variation, we can also write it as

𝐻𝜇𝜈
0 = 𝐻𝜇𝜈 +

1

2
𝑆𝜇𝜈 

𝐾

𝛾𝐼𝐾 + 𝛾𝐽𝐾 Δ𝑄𝐾



Repulsion Fitting

• Unlike general DFT, in DFTB there are no generally accepted 
formulation it is necessary to use parameterization to form a function 
that can describe the system.

• While it seems simple, in practice this term behave more exchange-
correlation functional than simple repulsion.

• Due to this fact, this method have not been used widely because the 
parameters is not yet available for all elements pairs.
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